Abstract. Let I and J be σ-ideals on Polish spaces X and Y , respectively. We say that the pair I, J has the Strong Fubini Property (SFP) if for every set D ⊆ X × Y with measurable sections, if all its sections Dx = {y : x, y ∈ D} are in J, then the sections D y = {x : x, y ∈ D} are in I for every y outside a set from J ("measurable" means being a member of the σ-algebra of Borel sets modulo sets from the respective σ-ideal). We study the question of which pairs of σ-ideals have the Strong Fubini Property. Since CH excludes this phenomenon completely, sufficient conditions for SFP are always independent of ZFC.
(in the Effros Borel structure) family of closed subsets of Y (MGR(X) is the σ-ideal of all meager subsets of X),
• if there exists a Sierpiński set of cardinality the continuum and every set of reals of cardinality the continuum contains a one-to-one Borel image of a set of positive outer Lebesgue measure, then NULLµ, J has SFP if either J = NULLν or J is generated by any of the following families of closed subsets of Y (NULLµ is the σ-ideal of all subsets of X having outer measure zero with respect to a Borel σ-finite continuous measure µ on X): the Fubini Property was studied. Our notation and terminology is therefore consistent with [16] and in fact in most cases follows [14] .
Recall that, motivated by the classical Fubini and Kuratowski-Ulam theorems (see [14] , 8 .41), we say that a pair I, J of σ-ideals on Polish spaces X and Y , respectively, has the Fubini Property (FP) if for every Borel set B ⊆ X × Y , if all its sections B x = {y : x, y ∈ B} are in J, then the sections B y = {x : x, y ∈ B} are in I for every y outside a set from J. By a σ-ideal on X we mean here a proper subfamily of P(X) containing all singletons and closed under taking subsets and countable unions. We usually (but, unlike [16] , not always) assume that for any A ∈ I there is B ∈ B(X) ∩ I with A ⊆ B, i.e., I has a Borel basis.
Relaxing the condition that B ∈ B(X ×Y Consequently, the sufficient conditions for SFP we are looking for in this paper are always independent of ZFC.
In the next couple of facts we reformulate the definitions and present some basic properties of the notions introduced above; we always assume that I and J are σ-ideals on Polish spaces X and Y , respectively. The proofs are routine and we omit them. 
Proposition 1.4 (cf. [12] , Lemma 1). The following are equivalent:
Note that if I has a Borel basis, then in 1.4(ii) as well as in the definition of the SFP above, we can assume that ∀y D y ∈ B(X). Proposition 1.5. The following are equivalent:
Note that SFP for I, J does not necessarily imply SFP for J, I . On the other hand, D is a 0-1 counterexample to SFP for I, J iff { y, x : x, y ∈ (X × Y ) \ D} is a 0-1 counterexample to SFP for J, I .
We say that I and J are isomorphic and write
If there exists such a Borel isomorphism f , then we say that I and J are Borel isomorphic, in symbols I ≡ B J. It is well known that the σ-ideal MGR(X) of all meager subsets of X is Borel isomorphic to the σ-ideal K = MGR(R), assuming X has no isolated points. It is also well known that every σ-ideal of the form NULL µ for a σ-finite continuous (i.e., vanishing on singletons) Borel measure µ on X is Borel isomorphic to the σ-ideal L of Lebesgue measure zero sets. Recall that given A ∈ I, the restriction of I to A, denoted by I|A, is the σ-ideal on X given by
Note that if I has a Borel basis and A ∈ B(X), then I|A has a Borel basis as well. The following cardinal invariants of σ-ideals will turn out to be relevant to SFP:
The notation shr(I) is taken from Kada and Yuasa [11] . Note that:
It is also known that the inequality non(I) < shr(I) is consistent with ZFC for I ∈ {L, K, K}, where K is the σ-ideal of σ-bounded subsets of the Baire space N N (see [11] , 2.9). We say that I is ccc if there is no uncountable family of disjoint sets in B I \ I. If I is not ccc, then SFP for I, J is rather unlikely to hold. The idea behind SFP, expressed in 1.4 above, that every family of "Jpositively" many "I-positive" sets always has "J-positively" many members with nonempty intersection, has been around for some time. Here is a sample of results. Note. In the terminology of [7] this amounts to saying that if the measurable space with negligibles (X, B I , I) is ω 2 -Baire, then there is no uncountable point-countable family in B I \ I. Proposition 1.10 (Silver, see [13] ). Assume that λ < κ ≤ c are regular uncountable cardinals such that there is a λ-saturated κ-additive ideal I on X (this requires κ to be quasi-measurable-see [8] There is a vast literature concerning strong Fubini theorems, i.e., statements about the existence and equality of iterated integrals of functions which are not necessarily measurable. This is, of course, implicitly related to SFP for I = J = L (see [9] , [6] , [18] , [8] and [19] ). In particular, it is shown in [19] that SFP for L, L follows from the Measure Extension Axiom of Carlson (see [4] ) stating that given any countable collection of subsets of R, the Lebesgue measure can be extended to a countably additive measure which measures all of them. SFP for K, K follows from a similar category extension axiom (see [20] , Theorem 3.1).
The second author learnt the strongest result in this direction from D. H. Fremlin, who mentioned that he himself had heard about it from H. Woodin, in the context of random real model. It amounts, modulo 2.4(ii), to the following 
It is known that a model for
.) is the model obtained by adding κ > ω 1 many random reals (Cohen reals, resp.) to a model of CH (see e.g. [11] , 2.6, but it was already known to Kunen and Solovay in the early 70's).
The main results of this paper present various conditions which imply SFP for I, J .
In the first part we study the conditions having the form of inequalities between cardinal invariants of I and J. In particular, we exploit the strength of the inequality shr(J) < cov(I). This leads to generalizations of 1.13 to the cases where I = K or L and J is an arbitrary ccc σ-ideal with a Borel basis (Theorems 2.14 and 2.16).
In the second part we look at conditions asserting the existence of special sets related to I. In particular, we show that for I = K (L, resp.) if there exists a Lusin (Sierpiński, resp.) set of cardinality the continuum and every set of reals of cardinality the continuum contains a one-to-one Borel image of a nonmeager (not Lebesgue measurable, resp.) set, then I, J has SFP for every "reasonable" σ-ideal J provided that I, J has FP (Theorem 3.1).
In the final part we collect some necessary conditions for SFP and indicate open problems.
Throughout the paper we assume that I and J are σ-ideals on Polish spaces X and Y , respectively.
Sufficient conditions-cardinal invariants. We say that L ⊆ X is an I-Lusin set if L is uncountable and for every
The following is an easy generalization of Fremlin's theorem 1.9. Suppose that I is ccc. P r o o f. This is proved by an exhaustion argument. Let κ = non l (I) (κ = shr(I), resp.). In each case it suffices to find E ⊆ A with |E| ≤ κ and A \ E * I ∈ I. So suppose that there is no such E. To reach a contradiction, construct inductively a sequence of subsets of A with the following properties:
The sequence C * I α : α < ω 1 contradicts the fact that I is ccc. 
Then W ∈ J, since κ < add(J) and we have {y :
As a corollary we obtain a generalization of 3.10(iii) from [16] .
Proposition 2.6. Assume Martin's Axiom + there is a quasi-measurable cardinal κ < c (see [7] , 9G). Let A ⊆ X be a set of cardinality κ and let I be an ω 1 -saturated κ-additive ideal on A. If add(J) = c and I is the σ-ideal on X with basis consisting of Borel sets B ⊆ X such that B ∩ A ∈ I, then the pair I, J has SFP. P r o o f. Clearly, I is ccc and non l (I) = κ < add(J).
We now turn to the consequences of the inequality shr(J) < cov(I) which apparently is the most important cardinal condition for SFP. Part (i) of our next lemma belongs to the folklore. Given a semigroup G of Borel functions from X to X we say that I is:
Note that the σ-ideals K and L are invariant and ergodic under the group of rational translations. In the forthcoming paper [21] the second author proves that FP for K, J ( L, J , resp.) implies that in the model obtained by adding κ > ω 1 many Cohen reals (random reals, resp.) to a model of CH we have shr(J) < cov(K) (shr(J) < cov(L), resp.), provided that J has sufficiently good absoluteness properties. In particular, the latter is the case when either J is a Suslin σ-ideal (see [1] , 3.7) or J is generated by a hereditary Π 1 1 (in the Effros Borel structure-see [14] , 35.G) family of closed subsets of Y . A different approach to the consistency of SFP for I, J when I ∈ {K, L} will be presented in Section 3.
The sufficient condition for SFP given in the next theorem is apparently of a different character. However, in some important cases it will turn out to be situated between shr(J) < cov(I) and SFP for I, J (see 2.13 below).
First we need a folklore-like lemma.
Lemma 2.10. Suppose that J has a Borel basis and
P r o o f. Let E ∈ B J \ J; we will prove that P(E) ⊆ B J . Shrinking E if necessary, we can assume that E ∈ B \ J. Then E is an uncountable Borel subset of a Polish space, so it contains a set B which is neither disjoint from nor contains an uncountable Borel subset of E (a Bernstein set). By a classical argument, B ∈ B J . In view of 2.11 the following is a strengthening of 2.9 in the case J is ccc and has a Borel basis.
Theorem 2.13. Suppose that J is ccc with a Borel basis and there exists a countable semigroup G of Borel functions from X to X such that I is G-invariant and G-ergodic. If shr(J) < cov(I), then for every
In particular , this implication is true for I ∈ {K, L}. 
But D x ∈ B J and we have reached a contradiction.
We get further strengthenings when we restrict to the cases I = MGR(X) or NULL µ for a Borel σ-finite continuous measure µ on X. Let BP = B MGR(X) and MEAS µ = B N U LL µ . We also write = * instead of = MGR(X) . 
Then 2.13 easily implies that for each n, {y :
Then B ∈ B(X × Y ) and for J-almost all y we have
As a corollary we get a strong approximation theorem for sets with all sections having BP. If S is a σ-algebra on a set Z and E ⊆ Z, then S|E = {A ∩ E : A ∈ S} is the relative σ-algebra on Z.
The following result is a generalization of 1.13. The proof of (i) below is just a refinement of the argument (modulo 2.4(ii)) the second author learnt from D. H. Fremlin. We present it here for the sake of completeness thanks to the kind permission of David Fremlin. A considerable simplification of the original proof of (ii), which resulted in dropping the unnecessary assumption non(L) < cov(L) (see [17] ), was also suggested by him. 
We want to prove that g is B Jmeasurable. 
We have g|E = h|E, so it is now enough to prove that h is B J -measurable. For this purpose fix n ∈ N and let
We have h n (y) = |{i < n : y ∈ D z i }|, so for any k ∈ N,
Thus for each n, h n is B J -measurable and so is h. So take an arbitrary C ⊆ Y with C ∈ B J and note that C and Y \ C cannot be separated by a set from B J . Hence, by 2.12, there are E 1 ⊆ C and E 2 ⊆ Y \ C with |E 1 |, |E 2 | ≤ shr(J) which cannot be separated by a set from B J . Set E = E 1 ∪ E 2 . It is easy to see that this works.
Finally, Claims 1 and 2 together with the condition shr(J) < cov(L) show immediately that g is B J -measurable.
(ii) Consider the σ-ideal
We want to prove that D ∈ B I . Define
By the Lebesgue Density Theorem (see [14] , 17.9), ∀y µ((B )
D ∈ I and it suffices to prove that B ∈ B I . Note that
so it is enough to show that for any fixed h > 0 the function g given by
To see the latter, first note that B I contains B J ⊗ B(Y ), the σ-algebra generated by the family {A × B :
so, by (i), the function g is B J -measurable in the second variable. Since g is also continuous in the first variable, it follows that it is B J ⊗ B(Y )-measurable.
For the sake of completeness we present, as a corollary, a strong approximation theorem for functions with all sections measurable. Another argument may be reconstructed with the help of 2.4(ii) from the proof of Proposition 6Kb in [8] ; a more general approximation theorem is obtained there as a consequence of the existence of an atomlessly measurable cardinal. (ii) follows from (i) with the help of the ordinary machinery of simple functions.
Recall that, by the remarks following 2.9, the model for 2.14 and 2.15 (2.16 and 2.17, resp.) is the Cohen real model (random real model, resp.), provided that J has sufficiently good absoluteness properties and the pair K, J ( L, J , resp.) has FP. It remains, however, an open problem to find such a ccc σ-ideal J with a Borel basis and with J ≡ B K (J ≡ B L, resp.) (see [16] and [21] ).
Sufficient conditions-special sets of reals.
The results of this section say roughly that for such ideals I as K and L, FP and SFP for I, J are consistently the same, provided J is "reasonable".
Given σ-algebras S 1 and S 2 on sets Z 1 and Z 2 , respectively, we say that a map f : 
Let us assume this temporarily and now complete the proof of the theorem.
Take an arbitrary
By a result of Bing, Bledsoe and Mauldin [2] , there is a countably generated σ-algebra A of subsets of X such that C ∈ A⊗B(Y ), the σ-algebra generated by the family {A × B : A ∈ A, B ∈ B(Y )}.
Let Z ∈ I and ϕ : Z → X be the objects whose existence is guaranteed by 3.2. Consider the set E ⊆ Z × Y defined by Finally, we prove 3.2.
Since ϕ is B(Z)-A-measurable and C ∈ A⊗B(Y ), we have E ∈ B(Z×Y
). So fix a B ∈ B(X × Y ) with E = B ∩ (Z × Y ). Note that ∀x E x = C ϕ(x) ∈ J so,
Proof of 3.2.
Enlarging A if necessary, we can assume that B(X) ⊆ A. Moreover, since all uncountable Polish spaces are Borel isomorphic, we can assume that X = 2 N . Let L be an I-Lusin set of cardinality c. Since I has properties (i)-(iii), a proposition from [3] (p. 220) tells us that we can additionally assume that |B ∩ L| = c for each B ∈ B I \ I.
Let {A n : n ∈ N} be a set of generators of A; we can clearly assume that it separates points in 2 N , i.e. for any distinct points x, y ∈ 2 N there is A n containing one of them but not the other.
For each n set
be the Marczewski function of the sequence C n : n ∈ N , i.e.
Since f is one-to-one, we may define g :
Let us consider a maximal disjoint collection C of sets P ∈ B(2 N ) \ I with associated Borel one-to-one functions h P : T P → W such that T P ∈ I and if we let 
Note that I ⊆ I, since ∀A ∈ I |ψ [R] = T ∈ I. Since I is ccc, there is a set P ∈ B(2 N ) \ I such that I = I|P (see [16] , a remark preceding 3.4). Since P \ R ∈ I|P ⊆ I, we can assume that P ⊆ R. It follows that
But then P, h, T violates the maximality of C, which proves ( * ). So let C = {P n : n ∈ N}. We can further assume that the collection {T P n : n ∈ N} is disjoint. Indeed, it is not difficult to find a disjoint family {B n : n ∈ N} ⊆ B(2 N ) \ I. But, since the Boolean algebra B I /I is homogeneous, Sikorski's theorem (see [14] , 15.10) tells us that for each n there is a Borel isomorphism φ n : B n → 2 N between B n and 2
Since I has a Borel basis, we can strengthen this to
We have ∀A ∈ I |ϕ −1
[A]| = ℵ 0 , which proves part 1. To prove part 2 take an arbitrary A ∈ B I \ I. By part 1, we can assume that A ∈ B(2 N ). By ( * ) above, there is n such that A ∩ P n ∈ I. It follows
Finally, the function ϕ is B(Z)-A-measurable as the union of countably many B(Z)-A-measurable functions.
We will now specialize the above taking into account the main results on FP established in [16] . [16] , the pair I, J has FP. Now we apply 3.1. Just recall that I ≡ B MGR(X) (see [16] , 1.3), so assumption (ii) is satisfied. Also, for every Borel set B ⊆ X × Y we have (see [14] , 35.38) {x : B x ∈ J} ∈ Π 1 1 , which shows that (vi) holds as well.
Miller [15] proved that a model for the above is the Cohen real model (comp. the remarks following 2.9). The "moreover" part follows from 3.1 and the ordinary Fubini theorem.
Miller [15] proved that a model for the above is the random real model (comp. the remarks following 2.9).
Necessary conditions and concluding remarks.
There is a large gap between sufficient and necessary conditions for SFP. As a matter of fact we have nothing to say about the latter that would go beyond obvious generalizations of the necessary conditions given by Shipman [18] for the nonexistence of a 0-1 counterexample to SFP for L, L (a "generalized Sierpiński example" in Shipman's terminology). We state the following facts for the sake of completeness; the proofs are left to the reader (compare with [18] ). 
